Optimal Incentive Contracts under Relative

Income Concerns®

Levon Goukasian'
Xuhu Wan?

This draft: January 16, 2007.

Abstract

We are studying in this paper an interplay between workers in organizations under
the assumption that workers exhibit behavioral biases: envy, jealousy, or admiration
towards the other co-workers’ compensations. We assume workers care about their
relative position, and we study the impact of this assumption on their efforts and on
their optimal incentive contracts. We explicitly solve for the optimal incentive contract
of moral hazard a la Holmstrom Milgrom (1987) when there is team production, each
agent’s effort generates an observable signal that depends on efforts of all. One of
the important findings is that a worker’s optimal effort is less than it would be in
the absence of any behavioral biases in workers’ judgments. That is, envious workers
exert less effort. We also show that the value of the firm is less in the presence
of envy or jealousy; that is, envious behavior is destructive for organizations. The
sensitivity of the workers’ pay to their own performance is studied. Consistent with
Tirole (2001), in the presence of agency problems (induced by envy or jealousy), the

optimal compensation exhibits high pay-for-performance sensitivity.
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1 Introduction

Optimal contracting and incentive problems arise in many economic situations, and the
standard principal-agent problems have addressed them in many forms. Optimal contracts
tie compensation to performance of an individual or of a team. In most of the literature,
employees are viewed as rational economic agents. In this paper, employees are viewed as
emotional beings rather than just economic agents. We solve an optimal contracting and
compensation policy problem here, taking the presence of some ”irrational sensibilities” of
agents into account. Namely, we model the envy or jealousy of employees towards their
coworkers’ compensation and show the impact of that on the optimal effort that employees
exert and their optimal compensation contracts.

In general, firms tend to avoid potential conflicts with their employees and among their
employees, since conflicts, which could be result of disappointment regarding compensation
or promotion, are costly to the firms. Within organizations, compensation or promotion
often are based on performance measures that are difficult to gauge. Examples of those are
teamwork, initiative, etc. Sometimes subjective evaluation is adopted to measure employee
performance, such as supervisor or peer evaluation. Of course, using subjective methods
of evaluation, the principal is faced with the problem of disagreement on the employees’
part and distortion of incentives in times when the principal’s and employees’ evaluations
are not in line. As argued in MacLeod (2005), if the principal’s and employees’ subjective
evaluations concur, then it is possible to implement the optimal contract, just as if the
evaluations were objective and verifiable. An employee may exert less effort if he/she does
not agree with a low evaluation by the principal. Anticipating this, the principal will be
reluctant to provide a low evaluation unless he truly believes it to be deserved.?

Having the above in mind, we propose to study optimal incentive contracting in the
presence of certain distortionary biases in agents’ assessments, such as envy, jealousy, or ad-

miration towards the compensation of the others.®> The idea that the utility of an individual

'Neoclassical economic theory assumes that an agent’s utility depends solely on the absolute level of
consumption; however, recent findings show that utility depends at least in part on the comparison of one’s

own consumption to that of others.
2see Prendergast (1999) for a similar argument. Here it is argued that principals tend to have equal

valuations among employees when it comes to compensation. Frank (1985) claims that positional concerns
can explain many real-world phenomena. For example, he claims that wage profiles within firms are flatter
than standard theory predicts. That is, lower productivity workers are paid more than their marginal

product, to compensate them for their low status, and higher productivity workers earn less.
3We are incorporating envy and jealousy in employees’ behavior in that they are envious or jealous of the

compensation levels of the other coworkers. We are not using subjective evaluations here and the disutility
is derived solely from the well-being of the others and may have a negative impact on the worker’s effort

and output.



depends not only upon his/her own consumption, but also the consumption of the others,
is an important feature of our social existence.*

This idea has been used in the analysis of government policies,® stock market behavior,
historical equity premium explanations, etc. Recent research in finance, in particular in
asset pricing, has explored the idea to explain some pricing anomalies.®

We are studying in this paper an interplay between workers in organizations under the
assumption of envy, jealousy, and moral hazard:” employees’ utilities are increasing in their
own compensation and decrease in the compensation of the others and the amount of effort
exerted.® In our model, principals can’t observe the agents’ efforts and agents can’t observe
each other’s effort; they exert efforts simultaneously.

Since the seminal work of Holmstrom and Milgrom (1987), continuous-time models have
been applied to various principal-agent problems. The continuous-time approach offers
tractable ways to solve the discrete-time problems with unavoidable technical difficulties,
and generate relatively simple forms of optimal contracts. With the use of the methods of
backward stochastic differential equation(BSDE), the agents’ optimal efforts are determined
explicitely. To the best of our knowledge, contracting problems with multiple agents and
in continuous-time have not been studied yet. In this paper, we extend the continuous-
time stochastic model of Holmstrom and Milgrom (1987), by allowing multiple agents and

a principal in the main case.” We also solve the problem in the case of multiple agents and

4The envy/jealousy of others’ consumption is not directly modeled here. We use compensation as a proxy
of the consumption. This is a noisy but a reasonable proxy for the consumption. Jealousy is typically over
what one possesses and fears to lose, while envy may be over something one has never possessed (and may
never hope to possess). Thus, envy is typically towards the other person, rather than the particular thing
or quality one is envious over. Our discussion of envy relates to concern about relative income, as studied
by Frank (1984) and Frank (1985). The above papers argue that a worker may prefer a job at firm A which
pays less than a job at firm B, if the wage firm A offers is high compared to what it pays others. Fershtman,
Hvide, and Weiss (2003) examine how such concern about relative status affects workers effort and affects

the pay package a firm should offer.
°E.g. Dupor and Liu (2003) examine the implications of jealousy and ”keeping up with the Joneses”

preferences on equilibrium consumption.
6The list of papers is too long to present here. See the work of Abel(1990) on Asset Pricing under Habit

Formation, where individuals’ utility is greater if they consume more than the others. Constantinides (1991)
studies the impact of ”internal” habit formation on asset prices, where the individuals’ utility is greater if
at every period they consume more than they did in the recent past. Campbell and Cochrane (1999) study
general habit formation models of consumption to explain observed asset pricing anomalies. All of these
papers try to explain the equity premium puzzle, by arguing that individuals get more utility of their own
consumption above and beyond certain benchmarks. The benchmark is sometimes the others’ consumption.

"Pingle, Mitchell (2005) state that about 70% of their survey participants exhibited some type of posi-
tional concern.

8The idea that individuals act based on where they see themselves relative to others is very important
and has recently been used in sociology and in psychology.

9Holmstrom and Milgrom (1987) show that the optimal contract is linear, by assuming that the principal



multiple principals. We develop a new technique which applies the comparison theorem for
backward stochastic differential equations to solve for the optimal incentive contract that
can implement desired/feasible effort levels, as opposed to the first order approach used
in the literature.!® Our results have implications for the design of incentives, particularly
incentives that reward relative performance. An incentive scheme where a worker’s income
depends upon his performance rank would motivate workers with no positional concern for
income in that the worker would provide effort to obtain a high ranking so that his own
income would be high.

The outline of the paper is the following : In Section 2 we present a literature survey
about envy and jealousy at the workplace. Sections 3 lays out the continuous-time model
setting and related technical assumptions. The maximization problem in the setting of
one principal and multiple agents is formalized in Section 3. In Section 4 we derive and
study the first best contract, the solution of a problem in which the effort is observable by
the principal. The latter is used as a benchmark. Sections 5, 6, and 7 study the second
best contracts, the case in which the agents exhibit behaviorial biases (envy, jealousy, or
admiration) towards the pay levels of their coworkers. We conclude in Section 8. Section 9,

the Appendix, contains the proofs of all the results outlined in the body of the paper.

2 Envy and Jealousy at the Workplace

Men do not desire to be rich, but richer than other men.*!

J.S. Mills

Organizations are not emotion-free, nor are workplaces emotion free zones. Dealing
with emotionality is important from a productivity perspective: negative emotions affect
productivity and thus deserve an attention. Since one of the major goals of management
is to increase productivity, it is of paramount importance to understand the sources of and

the impact of negative emotions and take them into account!?.

and the agent have exponential utilities; Schattler and Sung (1993) generalize the results of Holmstrom
and Milgrom (1987),using a dynamic programming and martingales approach of Stochastic Control Theory,
Sung (1995) showes that the linearity of the optimal contract still holds even if the agent can control the
volatility, too. Williams (2004) uses the stochastic maximum principle to characterize the optimal contract in
the principal-agent problems with hidden action, modeling the disutility of an agent’s effort to be separable
from the utility of pay. Sung (2001) provides a nice survey of the literature.

10GQeveral recent papers study optimal incentive contracting problems, under the assumption that workers
feel envious/jealous towards the well-being of their coworkers. See Bartling and Von Siemens (2003), Biel
(2002), Demougin and Fluet (2003), Grund and Sliwka (2003) and Itoh (2004).

"The quote is taken from Jorgensen and Herby (2004).

12Qurvey data suggest that positional concerns are extremely important and that well-being is affected by



In traditional economic models, individual utility depends only on absolute consumption.
Recent years have seen renewed interest in economic models in which individual utility
depends not only on absolute consumption, but also on relative consumption. In contrast
to traditional models, these models identify a fundamental conflict between individual and
social welfare.

Many papers have empirically examined the relationship between relative position and
well-being. Based on their findings, individuals appear to care about their relative position.
Neumark and Postlewaite (1998) and Bowles and Park (2002) relate relative position to labor
supply decisions.!® Luttmer (2005) documents a strong negative relationship between an
individual’s reported happiness measures and average neighborhood income. Frank (1985)
and Luttmer (2005) have found evidence of the positional aspects of income.'*

In recent years social scientists have begun to study particular types of emotions - in-
terpersonal jealousy and envy (JE from now on). Veccio (1995) shows that the majority of
employees report experiencing JE at work. Another important finding is that those employ-
ees believe that their managers are not effectively managing those situations. Of course, not
all of these feel JE towards the compensation of the others.?

It has been shown that employees compare coworkers’ salaries and performances in the
firm with their own. Bewley (1999) shows that 69% of firms’ managers interviewed offer
formal pay structures because it creates internal equity. Most of those managers (78%) view
internal equity as an important factor in keeping high morale and harmony in their firms.
Also, 49% of the managers view it as important in job performance.

Having the above facts in mind, our model shows how Behavioral Contract Theory could
be useful to study organizational issues in firms. We believe that comparisons or relative
income concerns among workers are important enough to be part of the design of the optimal
incentive contracts.

Neumark and Postlewaite (1998) introduced a relative income concern into a choice the-
ory model and used it to explain why, over some periods of time, women’s employment rose
faster than can be accounted for by a standard neoclassical model. Aronsson, Bloomquist,
and Slacklen (1999) find empirical evidence that the individual work hour choices are influ-

enced by the work hour average of relevant social reference groups. More recently, compelling

relative, rather than absolute, income levels (Easterlin (1973); Easterlin (1995)). Thus, ignoring positional

concerns may lead to incorrect descriptive explanation.
13Using data on sisters, Neumark and Postlewaite (1993) tested a hypothesis that a woman’s labor sup-

ply decision was affected by the family’s concern about its relative income. They found that women’s

employment decisions were influenced by the employment decisions of their sisters.
MNeumark and Postlewaite (1993) found evidence that income is more positional than leisure. Frey and

Stutzer (2002) provide a detailed review of this literature.
5Veccio (2000) defines Jealousy/Envy (JE) as patterns of thoughts, emotions, and behaviors that result

from an employee’s loss of self-esteem and/or loss of outcomes associated with a working relationship.



evidence has accumulated that people tend to evaluate their own consumption in the light of
the consumption of others. For example, starting from Richard Easterlin (1974), a number
of studies have found that self-reported happiness may be more sensitive to relative than to
absolute income.

Miner (1990) conducted a survey to determine the part JE plays in organizations. He
found that more than 50% of respondents indicate they were directly involved in situations,
in which JE was expressed by other coworkers. The data show that the jealous person
typically will try to bring coworkers to their side (72%).'® Miner writes, ” Although it’s
natural that people will talk, the data show that these people are doing more than conveying
information. For example, in more than one-third of the situations, jealous people try to
undermine (spread rumors, act destructively, and so on) the co-workers they’re jealous of:
a quarter of the time they try to undermine the position of the benefit provider.” Often,
managers tried to solve these problems by redistributing the benefits to the jealous worker,
but most of the time it created even more problems. Miner then suggests that managers
need to be aware that when they give out promotions and other benefits to their employees,
jealousy can backfire in their groups. As a part of this situation, their behaviors can have
a dramatic affect on the degree of jealousy in the work environment. Second, managers
should consider the underlying issues at the root of the jealousy. If someone is passed over
for a promotion, he or she might be furious with the boss and cause trouble for the new
promotee. Although anger is the obvious emotion, the employee’s self-worth may be at the
heart of it. Ignoring the basic human emotions at work here will only cause bigger problems
later. Thus, these findings suggest that organizations should consider the existence and
impact of emotions at workplaces. Vaccio (1995) found out that jealousy and envy seemed
to arise less frequently in large workplaces than small. For this, he suggests a possible
explanation: people tend to feel less possessive in larger divisions. Veccio also suggests
that being envied or feeling envious create different outcomes: being the subject of envy is
independent of gender, age, or education; however, it explains the job longevity. On the
other hand, employees who claimed to have felt envious/jealous toward their coworkers also
claimed lower job satisfaction and lower-quality working relationships with their supervisors.
An important description of JE in workplaces is the reduction of self-worth that occurs as

a result of social comparison of workers.!”

6Frank (1985) is the most comprehensive recent exploration of concerns about relative standing. In his
work, positional externalities are said to occur when ”"one person’s action alters an important frame of
reference for others”. Frank (1985) claims that “someone whose close associates all earn $50,000 a year is
likely to feel actively dissatisfied with his material standard of living if his own salary is only $40,000. Yet

that same person would likely be content if his closest associates earned not $50,000 but $30,000 a year.”
"For more references see Mumford (1983) and Ambrose, Harland, and Kulik (1991). Veccio (2000) argues

that although there is a tendency to view employee JE as dysfunctional, it can be very functional; JE can

energize behavior and focus attention to protect relationships in organizations.



Is it possible to detect JE at workplaces? In which situations does it arise? Employees are
likely to express JE in the presence of competitive reward systems of compensation. Reward
systems that are based on win/lose situations promote higher levels of JE, as a result of
competitiveness. This has been demonstrated by Veccio (2000). This also implies that if
employees work independently of coworkers and perform their tasks by not involving the
others, they will not experience JE towards the (compensation of) other coworkers. There
are other explanations for and relationships with JE, in terms of manager considerateness,
employees’ sense of lack of control, propensity to quit, etc. We refer interested readers to

Veccio (2000) for more information on the latter.

3 The Model

Consider an organization with a principal and multiple agents. Without loss of general-
ity, we assume the economy consists of one principal and two agents indexed by i = 1, 2.
The principal delegates a project to the agent ¢ whose value dynamics S are given by the
following!®

dS; = (dnuy + 610uf) dt + o1dW}

dS; = (daruy + 0901]) dt + oo (pdW} + /1 — p2dW})

where W!, W2 are two independent Brownian motions in probability space (Q, F, F, P).

Note that the projects’ outcomes are correletad and the correlation between them is p. F; is
the augmented filtration generated by (W}, W7?) and u! is the effort exerted by the agent 1.
The structure of our model implies that each agent’s effort affects both projects’ returns and
it can be generalized into a multi-task model. The principal can’t observe the efforts of both
agents and the sources of uncertainty that impact the outcomes of the projects assigned to
agents. So, neither the effort nor the uncertainty can be incorporated into the contracts.
The principal’s information flow is generated by processes (S}, S?), and we denote it by
G;. In a certain probability space (€2, G;, Q°), we can find Gi-measurable Brownian motions

(B}, B?), satisfying the following weak formulation setting (as in Holmstrom and Milgrom
(1987))

dSt - ZdBt
s B! . o . .
where S; = g2 | B, = 52 two independent dimensional Brownian motions on space
t t

01 0

02,0°G,G,) and ¥ = } With this construction, the contracts can be
( 2 o9p 094/ 1 — p?

18We take linear drift functions of efforts for simplicity of notations and results, which can be easily
extended to nonlinear form. However, the simplicity of our model doesn’t lose any important implications
in contracting with JE. The way to model two correlated brownian motions is widely used in the literatures

of continuous-time financial and economic modeling.



written on B, processes. The agents’ efforts can change the measure from Q° to Q“, with

the following dynamics:

A" e, - exp 1 /T 1S Mu,|*ds + /T(ElMu )'dB
dQO T 9 o s o s s
TN
Where M = [(511 5121 , (1) denotes the transpose of a matrix. It follows from the Girsonov
21 022

Theorem that .
B" = B, —/ Y Mu,ds
0

is a vector of Brownian motion processes under the measure QQ*. Then
That is

dst = (Suuf + diou?) dt + 01d B!
St = (baruf + 0pou}) di + o5(pd By + /1 — p2d By

This is the so-called weak formulation of the hidden action model in continuous time.
All random processes and effort processes now are adapted to G;, which is generated by
observable processes (S}, S?). Here, we denote E"'* the expectation, defined on the space
<Q, Q“17“2>. u! is the effort of the worker i and the outcomes of the projects are increasing
in levels of efforts of both workers. So here we are modeling collaboration between workers
in that the outcome of each project depends on the effort levels of both workers. The
parameters 0;; for ¢,7 = 1,2 measure the relative importance of the effort of worker ¢ on
project j. This is a very realistic assumption and general enough to enable us to learn about
the interplay between workers when their actions have an impact on the outcomes of their
own and other coworkers’ projects.

In addition, we assume the assigned projects are, in general, correlated. This is also a
general enough assumption to learn about interplays in organizations where employees are
assigned to projects that are dependent on each other.

Note that by taking p = 0, we will be in a case of two projects that are independent.
Along with the assumption that d;5 = d9; = 0, we will have the case that the two agents
are delegated with two independent projects. If p = 1, the two projects are affected by a
common source of uncertainty. 3 is not invertible. To find the optimal contracts when p = 0,
we first assume p # 0, find the optimal contracts, and then find the limit as p converges to
0. The total output generated by the group (of two employees) is S} + S} at time ¢.

At time 0, the principal offers take-it-or-leave-it compensation contracts (Cf, C%) to

agents 1 and 2. These are payable at time 7" in the future and both are Gr—measurable.



We assume that each agent ¢ knows the other agent j’s contract payment C%, J =3—1
Only when both agents accept the contracts at time 0, the principal and two agents enter
into the contract; otherwise each agent has outside opportunity with a certain reservation
utility level.
We assume that the principal is risk neutral, so his objective is to maximize the expected
utility of terminal wealth'®:
B (Sh+ S — Ch— C2)

We assume workers are risk averse with utility of compensation, and that they demon-
strate envy/jealousy or admiration towards the compensation of the other workers in their

groups. Worker ¢’s utility function is
U (Cr, C1, G)

where .
L= /0 Ji (u’s) ds

is the cumulative disutility of effort for agent 7.

Thus, our model of utility is such that it depends on one’s own compensation and the
compensation of the others in the group.?’

We make the following assumptions about utility functions of the agents:

1. U'is twice differentiable,, Ué”f > 0, Ué’?l’ < 0 for all Ci, C%, Gk, and UéiT + Ué]% > 0
if Ci. = C7.

2. if Ué% < 0, the preferences exhibit jealousy/envy (JE); if Ué% > 0, the preferences
exhibit admiration (AD).

That is, workers, are less happy to see other coworkers getting higher compensation
under the jealousy/envy assumption, and they are happier to see other coworkers get higher

compensation under the admiration assumption.?!

90ur method also works well when the principal has exponential utility:

1
E (Rexp(R(Sqlw + 82 - CF — c%)))

20Economists generally assume that utility is a function of the individual’s endowment, independent of
his relative position. Envy (or jealousy) is one reason individuals care about their relative status. Following
Holmstrom and Milgroms (1991), optimal contracts must account for everything employees care about.
Thus, we develop a model in which a principal has to design a reward scheme for two agents who dislike the
other’s pay.

21Bewley (1999) reports that 87% of managers interviewed think that their employees know each other’s
wages. Agell and Lundborg (1999), Bewley (1999), Blinder and Choi (1990), Campbell and Kamlani (1997))

show that employees purport to care for the well being of their coworkers and not only for their own.



Throughout this paper, in order to get closed-form analytic results, we make the following

assumption on the utility functions:
i i 1 i i i
with —1 < o; < 1.22

Remark 3.1 If 0 < «a; < 1 then U} < 0 and thus the preferences exhibit jealousy/envy.
Otherwise, if a; < 0, then U; > 0 and the preferences exhibit admiration. Thus, oy s the

measure of jealousy/envy or admiration.
Technically, we only consider (C%, u}) € A, such that V(C%, uf) € A
i. E*{exp{—r; (CL — ;Ch — Gi)}} < oo;

ii. Eexp{N fOT |7 Mug|?ds} < oo for some large enough constant N which depends on

constant parameters 9; j, k;, 1;;
” i i\2 T i, 2
iii. E*< (Ch — a,Ch)" + (fo g (Us>d5> <0

Remark 3.2 (ii) is a strong condition for Ky to be a martingale so that Q" is well defined as
a measure by the Girsanov theorem. This condition could be relazed if the agents’ efforts u’,
can only be chosen from a closed convez set (i.e. |ul| < b, where b is a constant). Conditions
(i) and (i1i) are necessary for uniqueness and existence of quadratic BSDEs, which we deal

with later in the paper.

Let S? be the space of all Gr- measurable random variables X : (Qx [0,7] — R satisfying
E°supg<i<r | Xi|?] < o0o. Also, H? will denote the space of all predictable processes ¢ :
Q x [0,T] — R? such that EfOT |ps|?ds < oo.

3.1 The Agents’ Problem

Both agents exert efforts simultaneously. So, given their contracts (C%, C%), we say that
(u},u?) is Nash-Equilibrium-Effort choice if

u; € argmax V; (u;, ;)
Uj

22With exponential utility, our methods here can also be applied to a more complicated model, i.e., a

utility function of the form —% exp {—ri (H(C’%7 C%) — G’T) }, where H can be any nonlinear function that

captures the envy/jealousy in groups , that is [8H65;C’y) + angy)Hx:y > 0 and W > 0. In addition, if

%‘;’y) > 0, the preferences exhibit admiration; if %ﬁ’y) < 0, the preferences exhibit envy/jealousy.

10



given ({u!} . Ci, C7.), where

Vi (uf, ) = B | exp {1 (Ch — i — Gp)}

3.2 The Principal’s Problem

The principal’s problem is to maximize expected utility of terminal wealth, by choosing the

optimal amount of effort and compensation for workers: {u{}{, {uf}t~o, C1 and CF:

max {vp (u,Cr) = B (Sh+ 82 — Ck — c%)}

1 2 nT 2T
CTchv{ut t207{ut}t20

under the following two constraints:

1. Individual Reservation constraints (IR) are satisfied for both agents:

Vi (u',w?) > —% exp {—r;L;}

7

and

2. Incentive Compatibility constraints (IC) are satisfied:

u; € argmax V; (u;, ;)

Us

We first study a case in which the agents’ efforts are observable by the principal. In this

case we derive the first-best incentive contract and use it later as a benchmark.

4 Benchmark: First-Best Solutions

As a benchmark, in this section we find the first-best solutions of a case with multiple agents,

in which the principal can contract on both agents’ efforts. That is

max BV (S + S2 — CF — C2)

07117072“7{“% ?Zov{ug}?zo

such that

Fut {_% exp {—r; (C — o, C) — G’ff)}} > —%exp{—riLi}

1

where —-=+ exp {—r;L;} is the reservation utility for the agent i.
We have the following result:

11



Theorem 4.1 With symmetric and complete information (first-best case), the principal will

pay agents a linear combination of the costs of efforts:

a 1 2
O;«’FB =In —1 ta W(—l T ri(erag—1) | —GT i alGT
(1 — @1042))\2 (1 — 041062))\1 1-— [651e%)

. 2 1
C2FB — | {(—1 o Wig—n(—l o )W] L Grt oGy
(1 — @1&2))\1 (1 — 051062))\2 1— 109
and the first-best optimal efforts (uF'B u>TB) (which are constant over time) satisfy the

following first-order conditions

1+« 1+«
— 91 (UI’FB)a 012 + 022 = — L 9&(“2’FB)

011 + 021 = 1 — o
— Q10

1-— (658D

and
. T .
b= [ i)
0
Proof: See in Appendix.

Remark 4.1 The first-best effort of each agent depends on the other agent’s JE level. If
there is no jealousy, a; = oy = 0, agents’ first best efforts are reduced to the solutions of the

first best results of the classic multiple agents problem. If the cost function is of quadratic

form gi(u) = %(u)?, the first-best effort is u"F'? = %, i=1,2.

From now on, we will assume agents have quadratic cost functions for the tractability of

the results.

Remark 4.2 Notice that the level of the optimal effort here, in the case of symmetric and
complete information, is less than the one we would get in the absence of envy or jealousy;
and the optimal effort is more than what it would be in the absence of envy or jealousy if

the coworker is an admirer. That is, for 0 < az_; < 1

i FB (01; + 02:)(1 — aqan) (015 + ) Y
Y - k’z(l + 06371') < k’l =

Next we derive expressions for the lagrange multipliers A; and the optimal compensation
contract:
Corollary 4.1 The lagrange multipliers of the previous problem are

/\1 = eTlLl —1 + o )\2 = €T2L2 —1 + o
1—ajas’ 1 —oan
and the first-best contract is

CLFB _ Li+ G}, " o (Ly + G7) C2FB _ Ly + G%, n a(Ly + G})
T 1 — ajoe l—ajay = T 1 — ajom 1 — oo

12



The expected utility of the principal is

1+ (0] 1+ (0751
VEB = SlyS2- L —
P (Oél, 052) 0 * 0 1-— 1009 ! 1-— 109

T(611 + 521)2(1 —ajaz)  T(012+ 522)2(1 — 1)
2]{1(1-'—6(2) 2k2(1+0{1)

L,

Without loss of generality, we normalize the two agents’ reservation utility to be 0, that
is L1 = L2 =0.

Corollary 4.2 (i) If both agents exhibit envy or jealousy, that is 0 < ay,as < 1, then we
have
Vi (an, a2) < VE(0,0)

(ii) On the other hand, if an agent exhibits admiration toward his/her colleague, the princi-

pal’s expected utility will be higher. That s, if —1 < oy, s < 0, then we have

Vi P (an, ap) > V5 P(0,0)

In case where the workers exhibit envy or jealousy, the principal’s expected utility with
this first best contracting is less than the one in the situation when agents exhibit no envy
or jealousy (a; = ag = 0).

Thus, if both agents’ efforts can be contracted on, the principal’s expected utility will

be lower if agents exhibit envy/jealousy and it will be higher if agents exhibit admiration.

5 Incentive Compatibility and Implementable Contracts

To solve the problem in Section 3, we propose a three-step process:

1. Define conditional Nash-Equilibrium-Efforts: for given compensation levels (C}, CZ),
define equilibrium amount of efforts/actions of workers (%}, u?) that they will optimally exert
and find necessary and sufficient conditions for optimality.

2. Based on the necessary and sufficient conditions in the first step, fixing efforts u}, u},
find the space of contracts (C}, C%), under which (@, u?) are Nash-Equilibrium-Efforts for
the workers. The contract that implements the (u},%?) is to be used in the next step.

3. Maximize principal’s utility with the implementable contract of step 2, subject to
agents’ IR constraints. In the second step, the implementable contract is a functional of
efforts. In this step, the principal only needs to choose the effort levels to maximize his

utility, subject to both workers’ individual reservation (IR) constraints.
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Definition 5.1 We say (u',u?) is Nash-Equilibrium-Effort(NEE), given (Ct,C%) if

' € arg maxg,nr B {—% exp { < fo g1 (u}) ds — a,C% )}}
U € arg max (27 E {—% exp { ( fo go (u?)ds — a201>}}

where g1 = ]“2—1( t) and gy = (u?)2

To find the NEE, we need a result that we state in the appendix as a Theorem NEE.

By the monotonicity of exponential function, the NEE can be obtained as follows:

Lemma 5.1 (u},u?) is Nash Equilibrium of efforts if and only if

i Z3—1
uteargmax Y

fori=1,2., where Yoi’ui’agfi 1s defined in Theorem NFEE in the appendiz.

6 Implementable Contracts

Now we answer the following question: given the optimal effort levels (@', @?) what kind of
contract (C}, C2) can implement the Nash-Equilibrium efforts (@', 4%)? From the results of
the last section, it is equivalent to asking the following question: given fi(Z') and fo(Z?),
what contract (C},C%) can implement them? We have the following result to answer the

question:

Theorem 6.2 The Nash-Equilibrium-Efforts (NEE) (u} = fi(Z}),u? = fo(Z?)) for which
(9.2) is satisfied can be achieved by the following contracts (Ch, C2):

Zl + Oélzg 1 T k?l 0[1]{2 |Z1|2 011|Z2|2
Cl — vl Zl Z2 s s d
pomirety o [ (Gnr+ B2 + Z2E 4 22D o,
1 Tz} Z?
1—@10(2 0 1 T2
ZQ"‘Oégzl 1 /T k?g O[le |Z2|2 062|Zl|2
02 — Ve ZQ 2 Zl 2 s s d
Pom Tt e | (GIREP + AP + (G ) ) ds

1 T rz2 Z!
e (B2
]_ — (19 0 9 T

Under this contract, there exists a unique pair of equilibrium efforts u} = f1(Z1),u? = fo(Z?)

and the agent i’s expected utility is —T—ie:vp{—f—i}

23This could also be used as a definition of NEE.
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Proof. See in the Appendix.
|

Remark 6.3 Since in this paper we consider multi-dimensional noise, the implementable
contracts are functional of multi-dimensional adjoint processes, satisfying certain constraints.
In the next section, we will incorporate this contract into the principal’s problem, and the
principal will choose the best intensity processes (Z') and the utility levels of the workers

(L;) to write optimal contracts.

7 The Principal’s Problem

We assume that the principal is risk neutral. The principal’s problem then is to choose the

best intensity processes (Z1, Z?) to maximize the expected profit:2*

VEB(Z', 2%, L, Ly) = BEZ (Sh + S3 — Ch — C3)

T
= EZ {S&%—Sg—i-/ ((511“}‘(521)12; + (512"‘522)@?)618— ((1+062) L1 + (1+O€1) L2>
0 —
1 T k1 ke ‘Zl,Q al‘Z2’2
o vl Zl 2 Z2 2 s s d
o | (a2 e + (2 - 2ED ) 4
1 T ko ok ‘ZQ|2 a2|Z1|2
_ Ve Z2 2 Zl 2 s s
[ (e 2Pnenp + (28 22D ) 0

subject to IR constraints
Ly > Ly, Ly > Ly

Since ZZ is separable from choices of Z;, then we have Zl = L, and Eg = Lo.
Furthermore , VSP(ZY, 22, Ly, Ly) can be simplified into:

VEB(Z', 72 Ly, Ly)

:EZ{S(§+S§— (14 a2) L1 + (1 + ay) L)

1-— 109

1 T 1 T
r Zl,l Zl,? d / r Z?,l Z?,Q d
+ 27“%%(1—041042)/0 1257, 257)ds + 2r2k3(1 — ) 2,7, 2.7 )ds

with

F1(Zt1’1, Ztm) =2k (1 — aqa) (011 + 521)(M112t1’1 + M12Zt1’2)
—(L+ ag) [(MnZ)t + M Z2) + ik (120 + 1 20%P)

24The SB label is used for the Second-Best.
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FQ(ZtQ’l, ZtZ’Z) = 2]{27’2(1 — CYlCKQ)(élg + 522)<M2123’1 + MQQZE’Q)
—(1+ ) [(Man Z7" + Mo Z7%)? + ok (1 2017 + | 222 )]

The principal’s maximization problem is then reduced to the following problem:

1,1 1,2 2,1 2,2
A, &, 207), max To(207, 27)

It is easy to check that the Hessian matrix of Fi(ZZ’l, ZZ’Q) is negatively definite, so the

first-order conditions give the optimal solution. Thus, we have the following result:

Proposition 7.1 The optimal (Ztl, Zf) for the principal are constants and given by

711 M11]€17”1(1 — 1) (011 + 021) 712 _ Miskyri (1 — o) (011 + 091)
(14 ag) (ki + M7, + M) (14 az)(rikf + M7, + M7,)
72,1 _ M21k27‘2(1 - 0416Y2)(512 + 522) 722 _ M22/<?27”2(1 - Oélaz)(512 + 522)
(14 ar)(rok3 + M7, + M3,) (14 a)(rok3 + M7, + M3,)

The optimal efforts the principal wants to implement are constants and given by

1 (MR 4 Mip)(1 = anas)(n +01) o _ (Mg + Mip)(1 — n10)(912 + 032)
(1+ az)(rikf + Mfy + M7,) 7 (1+ a1)(r2k3 + MF, + M3,)

Proof.
See in the Appendix.
|

A worker’s utility may increase in his own income, but envy or jealousy can make his
utility decline with other coworkers’ income. We will see next how envy/jealousy changes the
effect of incentives on effort and the optimal incentive pay. We show that JE has negative
impact on the incentive pay and on optimal effort, so that optimal incentive pay structure
is different when workers are envious or jealous.

The following is a corollary of the previous result:

Lemma 7.2 The sensitivities of optimal efforts with respect to the "measure of envy/jealousy”

are.

=1
ou o (M121+M122)(511+521)
8041 (1+az) (le%+M121+M122)
ou'

_ 4o (ME+M2)(6114021)
oy (I+az)? (1+az)?(riki+M7 +M7,)
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=1
du 1 (ME+ME,)(311+621)

806180[2 T (14a)? (rlk%+M121+M122)
=2
ai _ __o (M3 +M3,) (812+022)
8@2 (1+a1) (T2k§+M221+M222>
=2
ai - _ (14ag) (M3 +M3,)(512+822)
Ooy (1+a1)?  (rek3+MZ,+M3,)
=2
9t o (M3, +M3,)(512+022)
8a28a1 (I4a1) (r2k§+M221+M§2>
Proof. Follows directly from the formulas for ‘. -

The last results show that the optimal effort is negatively correlated with the "measure
of envy/jealousy”. The more a worker is envious/jealous towards the compensation of the
other coworker, the less effort he/she will exert. Also, if the worker 1 is envious/jealous
of worker 2’s compensation, then worker 2’s optimal effort will decrease with his own level
of envy/jealousy. That is, if a worker knows the other is jealous of his pay, his effort will
decrease with envy. On the other hand, if a worker knows the other admires him (and is
happy with his pay), he will exert more effort as his own jealousy measure gets higher. This

will help to increase the total output of the projects.

From the weak formulation, dS; = ¥dB;, so we have

1

o9/ 1 — p?

_r
o1y/1 — p?

With this representations we have the following result:

1
dB} = —dS}, dB? = — dS} + dS?
01

Proposition 7.2 The second-best contract with hidden actions, and under JE or AD, is

given by:
CLSB _ Ly + aiLs
T 1-— 109
ki(riky + M+ M)y caka(roke + MG + M3y) 5 0 T
U + U — o "Mu —_
(5 vy ok 20+ ME) s ) T
Mllklﬂ}gB OélMglkgl_L?gB . P ( MIlea}qB OélMQQk’Ql_L%vB> Sjlw
M} + Mg, M3 + M3, V1—=p? M} + Mz, M3 + M3, o1(1 — aras)
(Muk?lu}gB OélMQQkQU%B) S%
M121 +M122 M221+M222 o2/ 1 —p2(1 —041042)
C2SB _ Ly + asly
T 1-— 109
ko(roks + M3 + M3y) o5 5 | k(b + My + M) g T
U + U —o "Mu —_
(5 oy o 20, + M) e ) T anas
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Mglkgﬂ%B (IQMllklﬂ}gB o 1% ( MQQkQﬁ%«B O{QMlgk’lfL}gB) S%
M3 + M3, M, + M, V1—=p? M3 + M3, M? + My, o1 (
< Mgzk‘gﬂ%B CYQMlgklu}gB) S%

M221 +M222 M121+M122 02\/1 —02(1 —041062)

1-— 0410[2>

where (MZ+MZE)(1—araz)(611+621)
1 14-ao)(r1k24+M2, +M?
_ uS’B _ ( )( 1 11 12)
usp = o =
Usn (M3, +M3,)(1—ona2)(6124022)

(1) (rzks + My +M3,)

Remark 7.4 Since the ilps are constant, it is easy to check that (C2°F k) € A

We can incorporate the results of the previous proposition into the principal’s utility

function and obtain the following result:

Corollary 7.3 The optimal utility of the principal in the case of hidden action and in the
presence of JE or AD is given by:

SB _ (1 Li(l+og) | T(11+621)*(MP +M3))(1—a1a2)
VP (a17a2) - SO l1—ajan + 2(1+ag)(rik?+ki (ME+M2,))
4+ (52— Lo(1+ar) + T(612+022)* (M7 +M3,) (1—a1az)

0 l—aja2 2(1+011)(T2k§+k2(M122+M222))

If we normalize the agents’ reservation utilities to 0 , that is L; = 0, the principal’s utility

is

VSB (041,062) == S(% +S(2)

+T(511+521)2(M121+M221)(1—0410¢2) + T(812+022)2 (ME,+M2,)(1—a1a2)
2(14oae)(rik?+ki (M2 +M3,)) 2(14on ) (roka+ka (M2 +M3,))

and the principal’s expected utility in the benchmark case (without envy or jealousy) is

V52 (0,0) =St + 52

+T(511+521)2(M121+M221) T(812+822)% (M7, +M3,)
2(r1kT +hy (M7, +M3,)) 2(r2k3+ha (M7 +Ms5,))

Corollary 7.4 (i) If both agents exhibit envy/jealousy, that is 0 < a; < 1, then
VEP (a1, 00) < VE(0,0)

(i) If both agents exhibit admiration towards each other’s pay, that is, if —1 < a; < 0,
then
VEP (a1, 09) > V3P (0,0)
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This means the principal is better off with agents who don’t exhibit jealousy/envy, but

admire each other. Thus, Envy/Jealousy is costly for the principal.

Remark 7.5 The problem is complicated when the agents’ attitudes towards each other are
opposite, that is, one is envious of his coworker, but the coworker admires him. We do not

address that problem here.

Using the findings in the previous proposition, we now can compute the pay-for-performance
L 9C,

ivities: 2%
Sensitivities: _85% s 65;’:2.'

Lemma 7.3 For the case of hidden action and in the presence of JE or AD, the compen-

sation sensitivities to the performance are given by the following formulas:

LM k1(511+521)010§(1—p2)
Vi 12 ) (Trax)(rikofo3(1-p?)+0787, —2p0102611821+0303,)

[e% ag 0'2 —p?
+ (M21 — —£ M22> (1 tan)( e

\/@ rok30203(1—p2)+0302,—2p0102612622+026%,)
% M12k1(511+521)0%02(1—p2)
85% (1+a2)\/1—p2 (r1k20202(1—p2)+0262, —2po102611621+0363;)
a1 Magka (812+622)0F 02 (17,02)
(14a1)\/1-p2(r2k303 03 (1—p2)+07 63, —2p01 02012022+ 0363,

ocz M21k2(512+522)010§(1*p2)
o5 (14a1)\/1-p2(r2k303 03 (1—p2)+03 63, —2p01 02012022+ 0363, )
02M11k1(511+521)010%(I*PQ)
(1+a2)\/1*92(le%U%U§(1*PQ)+U%5%1*2P0102511521+0§5§1)

60% — ( M Y k2(522+§12)0f02<1—p2)
osy 2 \/1—p? 21 ) (4a1)(r2k20202(1—p2)+0282,—2p0 102012622 +0202,)
T 1=p 1)(r2r30705(1—=p 105, —2p010261202240507,

a2k1(521+511)0202(1—p2)
+ (M12 - \/1p—p2M11) Fas) y

(rlk%zr%ag(l—/ﬂ)-l—a%(s%l—2p0102511521+056%1)

Proof. Follows directly from the formulas in the above proposition. [ |

Next we will find the impact of the envy and jealousy on the pay-for-performance sensi-
tivities (PPS from now on).

; d11 d21 9C; ; ; ; r 011 d21
Corollary 7.5 (i) If > pPt then @(Ozl,oa) is decreasing in as, and, if 1 < p72 then
aCtk, . o
351 (v, ) 1S increasing in ag.

.. ack . . . . ock
(i) If ‘f;—f > ,0‘;2—22 then ﬁ(al,ag) is increasing in oy, and, if % < p‘ff—; then ﬁ(al,ag)

1s decreasing in ;.

... 0C}k . . . . . .
(m)ﬁg(ozl, aw) 1s decreasing in ay and is increasing in oy .
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Proof. Follows directly from the formulas in the above lemma. [ |

From the last corollary it is easy to infer some results on the pay-for performance sensi-
tivities:

The PPS of a worker is negatively associated with the level of envy or jealousy of his
coworker if: (a) the productivity (d17) of the worker is high, or (b) the uncertainty (oy) of
the project assigned to the worker is low, or (c) the correlation (p) between the projects is
low, or (d) the contribution (d2;)of the worker to the project of the coworker is low, r (e)
the uncertainty (o9) of the project assigned to the coworker is high.

On the other hand, the PPS of a worker is positively correlated with the level of envy or
jealousy of his coworker in the opposite of the (a)-(e) situations.

Also, the pay-to-a-worker-for-the-performance-of-the-other-coworker %(al, ap) is al-
ways increasing in one’s own level of envy and is always decreasing in the level of jealousy
of the other worker.

Thus, PPS is related to productivity of the workers, the uncertainty of the outcomes of
their projects, and the correlation between the outcomes of the projects and the level of
envy or jealousy of workers. Also, for an envious worker, the pay must be sensitive to the
performance of the coworker; however, if the coworker is not envious, then the sensitivity is
lower.

The results here are consistent with the suggestions of Tirole (2001) that in the presence
of agency problems (induced by JE), the optimal compensation should exhibit high pay-for-
performance sensitivity.

Now, combining all the results, we can state the following result:?

Corollary 7.6 (i) In the first-best case, the level of the optimal effort is less than the one
we would get in the absence of envy or jealousy, if the other coworker is envious. That is,

it 1s costly for workers to have envious coworkers: for 0 < az_; <1

i.FB (015 + 02;) (1 — aqcxg) (01 + 02;) Y
Y ( kl(l + ag_i> < k’l =

aq, a2) =

(ii) In the second-best case with hidden actions, the level of the optimal effort is less than
the one we would get in the absence of envy or jealousy, if the other coworker is envious. That
is, workers would simply exert less effort knowing that their coworkers are envious/jealous
of their pay: for 0 < az_; <1

1-— 1009

_i,SB _i,SB
' =u"7(0,0
U (aq,0) =1 (0, )1—1—043,1-

< a5(0,0)

25we only state the results for the case of envy and jealousy, not for the case of admiration.
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(#ii)In the first-best case, if both agents exhibit envy or jealousy, that is, 0 < oy, g < 1,

then the principal is worse off by having envious workers:
VE P (o, ) < V(0,0

(iv) In the second-best case with hidden actions, if both agents exhibit envy/jealousy, that
1s 0 < a; <1, then
VEP (an, a0) < V5P (0,0)

That is, the principal is worse off if the workers are envious of the others.
(v) The optimal effort levels are decreasing in the level of envy/jealousy: for 0 < aq, s <

1
ou' ___ Q2 (M121 + M122) (011 + 691) <0
Oay (14 o) (rik? + ME + M%)
and
du' _ 1+ oy (M, + M) (611 + 6a1) <0

doxy (1+ a2)? (14 a2)?(riki + MP, + M)

(vi) The sensitivity of the pay for a worker to his own performance is increasing in the

envy/jealousy level of the other coworker for a less productive worker or if the outcome of
1

the assigned project is very uncertain. That s, if % < p% then %(&1,0&2) 1S 1ncreasing

m Q.

(vit) If the contribution of a worker (say workerl) to his own project ( which is ‘fj—ll)
is less than his contribution to the other project (which is ‘372—21), then his compensation is
more sensitive to his own performance with an increasing level of coworker envy. That is,
S 5 aCk
if < pP, then ﬁ

Also, a worker’s (say worker 1) compensation is sensitive to his own performance if the

(v, ) 1S increasing in ag.

coworker’s contribution to worker 1’s project is more than the one for worker 2’s project.

1
That is, if % > p%, then %(al, Q) 1S increasing in o .
Proof. Follows directly from the results obtained earlier in the paper. [ ]

The last corollary has certain empirical implications:

(1)The value of a group/organization where JE is present (small in size or compensation
information is revealed) is less than the one of an otherwise similar group, in which there is
no JE.

(2) The pay of a jealous worker (for example, workers in small groups or in groups in
which the compensation info is publicly known) to own performance is higher in case if the
variability of own project is lower relative to the variability of others’ projects.

(3) The pay of a jealous worker to own performance is higher if the own project is lower

or no-relationship with other’s project.
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(4) The pay of a worker (not necessary with JE, but in a group where coworkers exhibit
JE) is increasing in the JE of other coworkers, if the variability of own project is higher
relative to the variability of others’ projects. That is, in an enviroment where JE exists,the
pay of the workers responsible for uncertain projects is increasing in own performance.

(5) The pay-for performance in divisions of a large diversified firm would be lower than
the one in otherwise stand alone firms, as they are less volatile. If the divisions are related
and have joint projects then the PPS would be lower, however, if the groups are independent,
then the PPS would be higher. This may be related to the literature on the undervaluation
of diversified firms, compared to otherwise similar stand alone ones.?%

Some other implications can be drawn from the last corollary, as it offers some results,
that relate the value of the firm, the optimal effort, and the pay-for performance ratios to

the uncertainty of and the correlation between projects, and the productivity of workers.

8 Conclusion

This paper extends the standard incentive contracting problem in continuous time, by mod-
eling the interaction of multiple agents that exhibit envy or jealousy towards the compensa-
tion of their coworkers. Rather than assuming workers act only out of concern for their own
self interest, there is now a sizeable literature that extends economic theory to recognize
that people may also be motivated by relative income concerns. We model here the joint
production of workers; i.e., each worker’s effort has impact not only on the outcome of his
own project, but also on the outcome of the coworker’s project. Many papers show that
individuals’ self-reported happiness is negatively affected by the earnings of others in their
area. In modeling utility functions, we take into account this psychological externality, i.e.,
people having utility functions that depend on relative consumption in addition to absolute
consumption. In this paper, we use compensation as a proxy for consumption and derive the
optimal contracts in explicit forms in many situations. We study the first-best case (sym-
metric and complete information) and the second-best case with hidden actions, assuming a
principal is contracting multiple risk-averse agents who exhibit envy /jealousy or admiration

towards their coworkers’ pay, using the continuous-time stochastic modeling approach.

26We did an analysis of variation of CEO pay for 5522 firms in Compustat for the period 1992-2001. Our
regression results show that the variation of CEO pay (The standard deviation as a percantage of mean pay)
is decreasing in the number of divisions of firms. We find that Variability in CEO Pay = -0.0459* (Number
of segments)+0.678, with R? = 76%. That is, in large firms (possibly with lower JE) the PPS is lower
than in smaller ones. This issue should be studied further in firms where there are many business segments,
especially the breakdown between related-segments vs. unrelated-segments in the firm. Our conjecture is
that in large diversified firms with unrelated-segments, the PPS would be lower that in otherwise similar

firms, in which business operations in different segments are more correlated.

22



Our model provides us with a rich framework to analyze the interplay between workers
and the relationship with their optimal efforts,the uncertainties of their projects, their skills,
and their personalities. We apply the methods of backward stochastic differential equations
to obtain the results. Having the incentive pay, optimal efforts, and the value function in
closed forms allows us to compute and analyze the sensitivities of the optimal compensation,
effort, and total utility of the principal with respect to some parameters of interest, such as
the measure of envy /jealousy, the productivity of the workers, the contribution of the worker
to the outcome of his own and of the coworker’s project, the uncertainty of the outcomes of
the projects, and the correlation between the projects.

Our findings suggest that incorporating psychological externalities (envy, jealousy, or
admiration) to Contract Theory can be useful to study the interplay between workers in
organizations. We show that the design of the optimal contract should reflect the relative
concerns of workers.

We show that in the first-best case (symmetric and complete information), the level of
the optimal effort is less than the one we would get in the absence of any envy or jealousy if
the other coworker is envious. In this case we show that the principal is worse off by having
envious workers.

In the second-best case with hidden actions, the level of the optimal effort is less than the
one we would get in the absence of envy or jealousy if the other coworker is envious. That
is, workers would simply exert less effort knowing that their coworkers are envious/jealous
of their pay. In this case, we show that the principal is worse off if the workers are envious
of the others. We show that the sensitivity of the pay for a worker to his own performance
is increasing in the envy/jealousy level of the other coworker for a less productive worker or
if the outcome of the assigned project is very uncertain. If the contribution of a worker to
his own project is less than his contribution to the other project, then his compensation is
more sensitive to his own performance with increasing level of coworker envy.

Since we are modeling a risk-neutral principal here, then the findings suggest that the
value of the firm is reduced by having envy or jealousy in the workplace. We also show
that the optimal effort levels are decreasing in the level of envy/jealousy. That is, envious
workers exert less effort. Thus, envy/jealousy is destructive to the organizations. Since envy
or jealousy is destructive, there is a need for ways to eliminate it. One way of reducing it is
not disclosing the compensation details (see Bebchuk and Fried, 2003 on the subject).?

Our study and results offer the opportunity for further research in Behavioral Contract
Theory and in Asset Pricing Theory, when agents’ utility functions depend not only on their

consumption levels but also on those of the "others”. The model we study in this paper

27 Jorgensen and Herby (2004) find that higher comparison income is related with lower and that this
is significant for people who socialize more frequently. We do not suggest that not socializing would be a

solution to the envious behavior towards the pay of the other coworkers.
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can be generalized into one with more general recursive utility functions. The latter may be
particulary useful in modeling utility functions in asset pricing. We also derive expressions
for pay-for performance sensitivities in a rich environment that can be empirically tested for

stand-alone and large diversified firms. We leave these for future research.
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9 Appendix

9.1 Proof of Theorem 4.1

The problem is equivalent to the following:

max E“V(u,C,\)

1,2l 2
uy,uz,Cp,CT

where

o = [stesp- UERIGHOE0G ) GhtuGh g Grod)
= [Bew {n (103 - SR oo - TG |
~[Bew {n (03 - BEDOE) oy - SN ) )

where (A1, Ay) are lagrange multipliers.

GL+a1G2 G2.+asGl .
Denote X; = Cf — L2277 - X, — 02 — 2272277 Then the problem is to solve
T l-ajan ! T 1—ajon

1 2
(1+a2)Gr+ (1+a1)Gyp X, — X))

1 2
R G

1— [e5Ye%)

A A
— r—lwp(—rl(Xl - Xy)) — T—Qexp(—TQ(Xg - agXl))}
1 2

This, in turn, is equivalent to solving

(1+a)Gh+ (1+ a)G%
1-— 1009

max F* {(Silp + 52 —

ul,u?

A A
+ max Evhv’ {(—Xl - Xy) — —16xp(—7“1(X1 - Xy)) — —26xp(—r2(X2 — a2X1))}
X1,X2 1 T2

The rest is straightforward, by noticing that the objective function here is jointly concave
in Xl, XQ.

9.2 Theorem on NEE

Theorem 9.3 Given the efforts and contracts of agents (u',u?, C7,C%) € A, there exist
unique processes (Y, Z!) € S* x H? : (t,w) — R x R? , i = 1,2, which are the solutions of
the following backward stochatic differential equations(BSDE):

T
, . . : 1
vt = -+ (1%- (Ziulu?) — —
t

Zi,ul,u2
s

Vs - TZi“I“QdB91
.+ Jas— - [z apgo
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where

s? sy s

. . .1 92 _ X -9
H; (ZLubu?) = LZ0 S~ Mu, — 5 |ul]
T 2 S

and Zi,ui,uj — [Zi,l,ui,uj Zi,?,ui,uj ]

In addition, the value process of each agent i

) 1,2 1 i g ki (i i
‘/Z = puu {_7"_ exXp {_Ti (Cé“ - / 5 (uls) ds — OZZ'O%_Z> } |ft}
) t

18 given by the following explicit expression, in terms of 1/;"’“1’“2 and effort {ui}tTZD :

i 1 i "k i|2
V, :—Eexp{—ri{Y; —/0 5‘“3’ ds}}

First consider the existence and uniqueness of the following BSDE

Y

1,2

}/ti,u U

Zi,ul,u2
s

_ Cz 03—1' T 1]{7 i2 1 2 d 1 T Zz ul quBul u?
=Cp —a;iCp" = [ | sk [ub]” + 5 s—+ ), 2 s

It is a quadratic BSDE. In general, if the terminal condition C% — ;3" is bounded, there
exists a unique solution for this BSDE in S?(R) x H*(R?) sense, which is not applicable in

our case. Notice that

il w2 t1 9 ) 3q T 19
—r Y —/ —k; |ul]” ds = —7; C;—aiOTl—/ —k; [ul]” ds
0 2 0 2

T]_ 2 T 1 2 1,2
+/ 5| ds+/ Ziu' g puta
t 2 t

To show the existence and uniqueness of the solutions, we need the following lemma:

Zz’,ul,u2
s

Lemma 9.4 Assume £ € L? and consider a BSDE given by
T T
Y, :5+/ Y1 7.2ds —/ Z.dB,
¢ 2 ¢
Then, there exists a solution (Y,Z) € H2(R4Y), if and only if
E(exp(v€)) < o0

Proof. Let (Y, Z) be the solution of the problem. By Ito’s formula, we have

t
exp(yYy) = exp(7¥o) + / exp(vYs) ZsdB,
0
Where X; =~ fot exp(vY;)ZsdBys is a local martingale.
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Consider 7,, = inf{t >0:Y;, >n} AT. Sor, — T as n — oo. Then Xj,,, is a bounded

martingale and by Fatou’s lemma, we have
E(limin fo—cexp(vYr,)) = E(exp(7€)) < E(exp(1Yp)) < o0
Next, we show the sufficiency. We have E(exp(v€)) < co. Define
t
X =: E(exp(v&)|F) = Xo +/ Zs - dBs
0

Applying Ito’s formula, we have

1 1 1 1
ZlogX, = ~logX, — — 25124 o ZlogXy =
5 IR R0 %[' ™ /ﬁM i .

Uniqueness of ( logXt, 12 ) follows from the unique martingale representation of X;. So to
prove that (%logXt, i Zi) is the solution of the BSDE, it is enough to show that :

Zy 1
ZL e HX(RY), =logX, € S*
M, (RY), ~ gAt
Since the exponential function is concave, we have

%z()gxt _ %z()gE(exp(vf)\ft) > B(¢F) = —E(¢|F) = N

For m > 0, define the following stopping time

t Zs t
—inf{t>():]Nt|>m,/\Y|2ds>m,|/ZS-st]>a}/\T
0 As 0

Since
T, T,
m m 7
/ |—|2d = 2logXy — 2logXr, +2 dB;
0 t Ms
T Z
< 2logXg—2yNrp, +2 —2dB,
¢ M
then

T, T,
m A ™ 7
(/ PSP < (2logXo — 29N, +2 )2
0 . M,

Z
*dB,)?

s

Tm
< 12(logXo)® + 124°Nj + 12(/
0
Also, noticing that N7 is submartingale, we have EN7 < F(£7)%. Then

TmZ

Trm 2
E (/ \il ds) <12(logXo)* + 129°E(£7)* + 12E(/ 5)
0 0

27



We also have

Tm 7 1 Tm 7 2
12(/ | S|2ds)§—((/ | S|2ds)) +72
0 MS 2 0 MS

Tm ZS 2
E (/ |y|2ds> < 24(logXo)? + 242 E(67)* + 72) = Cy; Cy < o0
0 s

SO

Finally, we have

T Zs T Zs 2
E(/O ‘Z‘st) < E(/O‘ ’Z'st) < Cl<OO

Since T,,, — T as m — oo, by monotone convergence theorem, we have

Tz
E(/O |i|2ds) < /G < oo

That is £ € H*(RY)

Also, we have

1 1 > /1 Tz LTz ’
“logX;)? =2 <—logX> + (—/ —82d5> + (—/ —SdBS)
(500 [7 ’ 2 ), 1% vJo M,

By Burkholder-Davis-Gundy inequality, we have

1 2

sup (—logXt> ] < 00

0<t<T \ 7Y

So there exists a solution (Y, Z) € S*(R) x H?(R%) of the problem

T,Y T
Y;=§+/ —|Zsy2ds—/ Z,dB,
t 2 t

E

Remark 9.6 The previous lemma is a generalization of Theorem 3.1 in Briand, Lepeltier

and Martin(2005).

Remark 9.7 The contracts C., in general, are bounded by some constant, so the usual

conditions for uniqueness and existence of solutions of BSDEs with quadratic growth don’t

apply in our problem.
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Our BSDE is

—r Y —/ —k; |ul|” ds = —7; c;—aiCTl—/ —k; [ul]” ds
0 2 0 2

T 1 2 T s 1,2 1,2
+/ 5| ds+/ i g puta
t 2 t
By conditions of set A, we have
T4 2
E" <C’§~ — o C37 — / Ekl }uéf d5> < 00
0

. 4 71 4
E {ea:p {—ri (C’ZT — aiC’%’z — / ékl |u;‘2 dsﬂ } < 0
0

So it follows from the lemma that there exists a unique (Y}, Z}), such that

Zz’,ul,u2
s

and

T .
E“/ |Z!|2ds < oo
0

e P10 ?
E“{ sup <Ytz’" " —/ —ki‘u;|2ds) < 00
0<t<T 0 2

ik 2 t1 12 2 t1 P12 2

(1/;7 ) _/0 §k1|us‘ dS) +(/0 5[@}’&8‘ dS)
iut u? 2
E“{sup (Y; ’ > }<oo
0<t<T

7 1 iutu? ! 1 i|2
Pl=——exps—ri | Y, " — | =k }us ds
T; 0 2

. a1 2
i i r7l,u U
Qi =—-FZ

Since

iul u? 2
(1) <

we also have

Define

leading to this equation:

i 1 i 3—i Tl i|? " ol
P/ = —oexp (i Cr—aCp " — §kl |u3| ds | | = Q.dB;
i 0 t

So,

i 1 7 1 ul u? 1 ] ! 1 1|2 2
Y, :—T—iln(—nPt):—r—iln E* —r—iexp —r; | Cp — t Q—kl]usl ds — a1 C7|Fy

This proves the theorem.
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Remark 9.8 BSDFEs with quadratic growth and unbounded terminal condition was studied
in detail by P. Briand and Y. Hu (2005).

Remark 9.9 We notice that the value process Y/ is represented by a backward stochastic
differential equation with respect to a random process By, which is Brownian motion under
measure Q°. Considering that we are going to use this representation in the principal’s
problem, and that the principal’s objective expected utility is measured under probability Q,
we need to represent the value process with respect to B} for later use, which is the Brownian

motion under measure Q". Following Theorem 9.3,

1,2

e S CILTR

‘Zl,ul,u2
s

1

2
) ds— L [1 zv'wdBe

2utu? 2 1 T kayy, 212 1 2,ut u2
Y;i _CT_O‘/QCT_L 7|us| + 52 Zs

2ro

2
) ds — L [T 72v'w*qBy

Remark 9.10 To simplify the notations, we have the following

511 512
s-1ps o o {Mn My, }
= P11 Ja1 pd12 d22 -
- - Ml? M22

o1y/1-p? * o2y/1-p? o1y/1-p? * o2y/1-p?

So

Hy (Zg,uguz) = - [(MuZpt + MiZ))uy + (Mo ZP + Mas Z3? )] — 5ug

s

Hy (Z2,uy,u?) =L [(MnZ2' + M Z2?)ul + (Mo Z2' + Mop Z22)u?] — 22 |u§|2

S T2

Now, finding Nash-Equilibrium-Efforts is equivalent to finding (u',u?), such that u'! €

arg max,1 Yol’ul’ﬂz and % € arg max,» YOZ’EI’“?. Applying the comparison theorem from the

theory of BSDE?®, we have the following result:

Proposition 9.3 There exists at most one solution, (Y;},Y?, Z}Z?) € S* x S* x H? x H?
for the multidimensional BSDEs (9.1)
such that

Eeap / SUMLA(ZY), fo(Z22)) 2ds} < oo 9.2)

where

28Given backward SDE Y; = ¢ + ftT f(s,Ys, Zs,us)ds — ftT Z.dBs, under certain technical conditions, the
comparison theorem gives the optimal solutions for max, Y;*, which is equivalent to max,, f(t, Yz, Z¢, ut).
So, there is a certain function h(.), such that u; = h(t, Y, Z;), and the optimal process Y is given by BSDE
Yi=C+ [, f(s.Ye, Zo (L, Yy, Z0))ds — [ Z.dB,.
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1 1
kyry Toks

If the solution exists, the equilibrium efforts for the agents (u',u?) are given by*®

A(ZH = —(MnZ + Mo Z), fo(22) = —— (M ZP' + Moy Z17).

u = fi(Z), 0 = f(Z)

Proof.
Assume there exist two solutions (V;', Y2, Z}, Z?) and (V;!, Y2, Z}, Z?), such that

Vo= Ch -G+ [ (H(28 (2D, 2(22) = 511281 ds — L ) 71,
V2 = Ch—aoCh+ [ (Ha (22 fu(Z1), f2(22) = 35 12207 ) ds = & )1 22dB,

f/;l = C%—Oélc%‘FﬁT (Hl (Z.slvfl(Z;)7f2(Z§>> - ﬁ Zsl

2 T ~
)ds—%ft Z1dB,

f/? :C%—OCQC%"’J;T <H2 (szfl(zsl%fQ(ZSQ)) - ﬁ 232

2 T ~
)ds—%ft 7248,

Define VY =Y; — Y}, VZ, = Z! — 7!
Then

T T
VY, = / a(Zi + Z)V Zids — / V ZidBMZD )
t t

for some constant a which depends on parameters d; ;7;, p, 0;. Furthermore, we have
VY, = / VZ.dBg
t

where dBf = dB, — XY M|[f1(Z}), f2(Z})) — a(Z} + Z?)}2dt = dB; — kydt.

Since we assume Fexp{ N fOT(Z_lM[fl(ZSl), F2(Z3)]))*ds < oo}, we have Ee:cp{fOT |ks|?ds} <
0o, then Ky = exp{—3 fOT |ks|2ds + fOT ksdBg} is a martingale. Thus, VY} = LT VZidB*
has a unique solution VY = VZ! = 0.

If multidimensional BSDEs above have a solution, by comparison method, we know that
solving max, Ybl’ul’# is equivalent to solving

max H; (Zl,ul,ﬂ2) ,
ul

and that

29From this proposition, equilibrium efforts are functions of the intensity process (Z!, Z2). So, instead
of finding optimal effort levels (u!,u?), it suffices to discuss the optimality conditions of (Z!, Z?) and
ul = fi(Z}). So we make the following changes in the notations: E* — EZ Q% — QZ, B} — B
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1

H; (Z o, 0% = =205~ Mu, — ks |t |?
r; 2

Since H; (Zsi,ui,ﬂ:%*i) is quadratic on u’, the first order condition will yield the Nash
Equilibrium-Efforts.
|

Remark 9.11 The condition (9.2) is sufficient for K to be a martingale, given ui = f;(Z?).

This assumption can further be relaxed.

Remark 9.12 Proposition 9.3 shows that the equilibrium efforts can be represented by in-
tensity process (Z}, Z%) of the value process (Y1, Y?), and (Y1, Z}), (Y2, Z2) are uniquely
determined by Ck — ayC% and C% — ayCh. In other words, there exists a unique pair of

equilibrium efforts for every pair of contracts (C, C%.).

Remark 9.13 Based on the relation between B; and BZ, the optimal value processes can

be written as follows:
T
Vo= Ch - aCh - [T (SR + 4 128°) ds - - f) Z1aB?

9 T
V2 = - axCh— [ (BIR(22)2 + 4 122)1°) ds — L f 22dB?

9.3 Proof of Theorem 6.2

Proof.
Given f1(Z%), fo(Z?), we can represent (Y, Yy) forwardly, that is

Ch—aCh =i — [T (H(Z2 (22, 12 22)) + 35 12207 ) ds + & ) ZLdB,

C3—axCh =3 - [ (Ha (22, fi(20), 1(22) + 112211 ds + L ) 22dB,

Denote Yy = L;, then we can solve for (Ch, C2). Proposition 9.3 says there exists at most

one solution (Y;', Y2, Z}, Z?) for these equations:

v =cCl - alC’%—FftT <H1 (  fil(ZY), f2(22)> — o

12 _ 1T/
Z| ds Tlft ZLdB,

}7;2 = C% — O{QC’%’ + ftT (HQ <Z§>f1(231>7f2(282)> 27‘2 22

T s
) ds— L [T 72dB,
satisfying Fexp{ N fOT ISIMf1(ZY), f2(Z2)] P} < oo. Thus, (Y}, Y2, Z}, Z?) is the solution
to the problem and the theorem is proved.
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9.4 Proof of Proposition 7.1

Proof.
First, we consider one part of of V (Z, Z?) :

K (Zl’l, Zl’2)
= (011 4 621) 1 (Z}) — ﬁ (lﬁ |hy (Z3)| + % HZSIHQ)
_ (811+021) (ZSI,IMH + Zsl’2M21)

kiry

Wre) e (2214282 My Moy + (1 + MR 1ZH + (14 M3) | Z22)

- 2(1—aja2)r1

The second order derivative of function K (21!, Z?)

% B 1 (taz)(1+ME)
11 — T 1—ai0e r1
K B 1 (taz)(1+M3)
22 - l—aia2 1
_ _ 1 (14-a2) My1 M2y
K12 - K21 - l1—ajas < 1 )

It is easy to compute the Hessian matrix of K (Z1!, Z1?) . That matrix is negatively
definite, so the F.O.C. yields the global maximum. That is

(011 + 021) (1 — ayag) My

= (L+Mp) Zp + My My, Z?

k’l (1 -+ 052)
(011 + 021) (1 — ayag) Moy
= My My ZH1 1+ M2)Z52
]{31(1+Oé2> 114H121 44 +< + 21) s
SO
Zl,l _ (6114021)(1—a1a2) M1 12 _ (511 + 521) (1 — a1a2) M21
s ki (Ltaz) (LHM7 +M3, ) 78 ki (1+ o) (14+ M + M3)
Similarly,
ZZ,I — ((512+522)(1—O¢1O¢2)M12 22’2 _ (512 + 522) (1 - OdlC(Q) M22
s ka(1+an) (14+ M7+ M3, ) ko (1+ o) (14 M, + M3,)

Now we can get the optimal efforts:

=1 1\ (0114+d21)(1—a1a2) 2 2
=) = el 0 1 )

-2 2\ (812+022)(1—av1 ) 2 2
u, =hy (2%) = rak3(1-+ar) (14 M2+ M3,) (M7, + M3,)
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